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Abstract
We show that the quantum solitons occurring in theories describing a complex scalar field in
(1 + 1)-dimensions with a Z(N) symmetry may be identified with sine-Gordon quantum solitons
in the phase of this field. Then using both the Euclidean thermal Green function of the two-
dimensional free massless scalar field in coordinate space and its dual, we obtain an explicit series
expression for the corresponding solitonic correlation function at finite temperature.
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I. INTRODUCTION
As remarked in [1], the sine-Gordon (SG) model is certainly one of the best studied of
(1+ 1)-dimensional physics. The interest in this field theoretical model has been enhanced
by its connections with the two-dimensional (2D) neutral Coulomb gas (CG)[2] and also
with the 2D XY-magnetic system [3]. In this framework, it becomes an useful and powerful
tool for the study of a great variety of physical properties of these two systems, which in
principle admit actual realizations in nature. The SG model is also integrable in the sense
that the spectrum and the S-matrix are exactly known [4].
In this work we employ the same methodology established in [5] in order to obtain an
explicit series expression for the two-point thermal soliton correlation function in theories
with a Z(N) symmetry. This has been done, firstly, by observing that when we use a
polar representation for the complex scalar field in (1+1)-dimensions described by a theory
with Z(N) symmetry, we are naturally led to a SG theory in the phase of this field [6].
Then using the connection between the SG theory and the 2D neutral CG along with the
representation for the relevant soliton creation operators introduced in [7–9], and both the
Euclidean thermal Green function of the 2D free massless scalar field in coordinate space
and its dual [5, 10], we obtain our expression for the corresponding solitonic correlation
function at finite temperature.
II. QUANTUM PHASE SOLITONS IN THEORIES WITH A Z(N) SYMMETRY
We start by considering the following theory describing a complex scalar field in (1+1)-
dimensions,
L = ∂µφ∗∂µφ+ γ
(
φ∗N + φN
)− η (φ∗φ)M , (1)
where N andM are integers and γ and η are real parameters. The above Lagrangian density
is invariant under the Z(N) transformation: φ(x, t)→ ei 2piN φ(x, t). The choice γ > 0, implies
the spontaneous breakdown of the Z(N) symmetry. In this case, as is well-known, the theory
will have degenerate vacua and soliton excitations. A full quantum theory of these solitons
was developed in [7–9]. This includes an explicit expression for the soliton creation operator,
namely
µ(x) = exp
{
−2π
N
∫ ∞
x,C
dξνǫ
µνφ∗(ξ)
↔
∂µφ(ξ)
}
, (2)
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and a general expression for its local Euclidean correlation function,
〈µ(x)µ†(y)〉 = N
∫
Dφ∗Dφ exp
{
−
∫
d2z [(Dµφ)
∗ (Dµφ) + V (φ
∗, φ)]
}
, (3)
where
Dµ = ∂µ − iαAµ, Aµ(z, C) =
∫ y
x,C
dξνǫ
µνδ2(z − ξ). (4)
In the above expression, V is the potential of an arbitrary Lagrangian and the integral is
taken along an arbitrary curve C, connecting x and y. It can be shown, however, that
Equation (3) is independent of the chosen curve.
We are going to show in what follows that these quantum solitons may be identified with
SG quantum solitons in the phase of the field φ.
Using the polar representation for φ, namely, φ(x, t) = ρ(x, t)eiθ(x,t), where ρ and θ are
real fields, we can rewrite the previous Lagrangian as
L = ∂µρ∂µρ+ ρ2∂µθ∂µθ + 2γρN cosNθ − ηρ2M . (5)
As we shall argue, the topological properties of the theory are not affected by ρ fluctua-
tions. Thus, from now on, we will make the constant ρ approximation:
ρ(x, t) = ρ0, ρ0 constant. (6)
Substituting the above equation into Equation (5) we obtain
L = ρ20∂µθ∂µθ + 2γρN0 cosNθ − ηρ2M0 , (7)
which, clearly, is a SG Lagrangian in θ.
Indeed, one may observe that the particular case of the potential appearing in the La-
grangian presented in Equation (1) for N = M = 2
V (φ∗, φ) = −γ (φ∗2 + φ2)+ η (φ∗φ)2 , (8)
presents a doubly degenerate vacuum (Z(2) symmetry), indicating the occurrence of spon-
taneous symmetry breaking.
After rewriting Equation (8), in terms of polar fields, as
V (ρ, θ) = −2γρ2 cos 2θ + ηρ4, (9)
3
we can see that there are two degenerate minima situated at the points
(ρ, θ) = (ρ0, θ0) =


(
√
γ
η
, 0)
(
√
γ
η
, π)
(10)
where the potential assumes the value V (ρ0, θ0) = −γ2/η. Applying, then, the constant ρ
approximation
ρ(x, t) = ρ0 =
√
γ
η
(11)
and adding γ2/η (such that the potential vanishes at its minima) we get the following SG
potential for the phase field θ
V (θ) =
2γ2
η
(1− cos 2θ) . (12)
The above potential gives rise, when solving the corresponding Euler-Lagrange equation for
the static case
∂2θ
∂x2
=
η
2γ
∂V (θ)
∂θ
, (13)
to the following solutions (classical solitonic excitations)
θ(x) = ±2 arctan{exp [√γ (x− x0)]}, (14)
where the plus and minus signs correspond, respectively, to a soliton (θs(x − x0)) and an
anti-soliton in the phase of the complex scalar field φ.
Finally, since
lim
x→−∞
θs(x− x0) = 0 and lim
x→+∞
θs(x− x0) = π, (15)
we may see that this phase soliton connects the minima of the potential presented in Equa-
tion (9) when ρ = ρ0 =
√
γ/η, as it should.
From the above considerations, we may then conclude that, in the constant-ρ approxima-
tion, the theories given by Equation (1) will present SG solitons in the phase of the complex
scalar field φ. The corresponding topological current will be
Jµ = ǫµν∂νθ, (16)
which gives rise to the following representation for the topological charge operator
Q =
∫ ∞
−∞
dx′ J0 =
∫ ∞
−∞
dx′ ∂x′θ(x
′, t)
= θ(+∞, t)− θ(−∞, t).
(17)
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We can see, from the above expression, that topological properties are indeed related
to large θ fluctuations and, therefore, the constant ρ approximation should not interfere in
such properties. Moreover, substituting Equation (14) into Equation (17) and making use
of Equation (15), we can also see that the value of the topological charge associated to the
presented classical solitonic excitations is equal to π.
From a quantum mechanical point of view, however, in order to describe the quantum
states associated with the classical solitonic excitations shown in Equation (14), we need to
introduce a quantum soliton creation operator µ, whose application on the vacuum state
of our theory, namely |0〉, yields a solitonic state |Soliton〉, i.e., µ|0〉 = |Soliton〉. This
quantum soliton creation operator must satisfy the following commutation relation with the
topological charge operator Q, presented in Equation (17):
[Q, µ] = σµ, (18)
where σ is a real constant whose meaning may be clearly understood by applying both sides
of the above equation on the vacuum state |0〉. Indeed, since µ|0〉 = |Soliton〉 and Q|0〉 = 0,
we have
[Q, µ] |0〉 = σµ|0〉 ⇒ Q|Soliton〉 = σ|Soliton〉, (19)
from which we may conclude that σ is nothing but the eigenvalue of the topological charge
operator Q associated to the eigenstate (solitonic state) |Soliton〉 or, in other words, the
expectation value of Q when measured in the state |Soliton〉. This property allows us to
associate σ with the classical topological charge.
Thus, as we have already saw, we may explicitly confirm the fact that the soliton operators
introduced in [7–9] are indeed creation operators of quantum solitons in the phase of the
complex scalar field φ by computing the commutation relation between the quantum soliton
creation operator and the topological charge operator.
In order to do that, let us firstly observe that, since the momentum canonically conjugated
to θ is
πθ =
∂L
∂θ˙
= 2ρ2θ˙,
we can rewrite the soliton creation operator for the theory described by Equation (1) in
terms of polar fields (in Minkowski space) as [7–9]
µ(x, t) = exp
{
−i 2π
N
∫ ∞
x
dξ1πθ(ξ1, t)
}
. (20)
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Notice that this is nothing but the Mandelstam creation operator of quantum solitons in
the SG model [11], as it should. Then, using canonical commutation relations along with
the well-known Baker-Campbell-Hausdorff identity
[
A, eB
]
= [A,B] eB, we readily find
[Q, µ] =
{
−i2π
N
∫ ∞
−∞
dx′∂x′
∫ ∞
x
dξ1 [θ(x
′, t), πθ(ξ1, t)]
}
µ
=
2π
N
µ.
(21)
Last but not least, following the above discussion, we may notice that Equation (21)
implies that the operator µ creates eigenstates of the topological charge operator Q with
eigenvalue 2π/N (which, not by coincidence, for N = 2, corresponds to the value of the
topological charge associated to the classical solitonic excitations presented in Equation (14),
namely, σ = π), thus proving that the quantum solitons occurring in the theory described
by Equation (1) are, indeed, SG solitons in the phase of the complex scalar field φ, i.e., they
are phase solitons.
In the next session, we are going to calculate the two-point correlation function of these
quantum soliton excitations at finite temperature.
III. TWO-POINT THERMAL SOLITON CORRELATION FUNCTION
The Euclidean vacuum functional of the SG theory, for an arbitrary T may be written
as the grand-partition function of a classical 2D CG of point charges ±η, contained in an
infinite strip of width β = 1/kBT , interacting through the potential GT (r), namely [12]
Z =
∞∑
m=0
(γρN0 )
m
m!
∑
{λi}m
∫ β
0
∫ ∞
−∞
m∏
i=1
dτi dzi
× exp
{
−N
2
4ρ20
m∑
i=1
λi
m∑
j=1
λjGT (zi − zj)
}
,
(22)
where λi = ±1,
∑
{λi}m
runs over all possibilities in the set {λ1, . . . , λm}, and GT (r) is the
Euclidean thermal Green function of the 2D free massless scalar theory in coordinate space
(r ≡ (x, τ)), which is given by [13]
GT (r) =
1
β
∞∑
n=−∞
∫ ∞
−∞
dk
2π
e−i(kx+ωnτ)
k2 + ω2n
, (23)
with ωn = 2πn/β.
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A closed-form representation for this function was presented for the first time in [14], and
is given by
GT (r) = − 1
4π
ln
{
µ20 β
2
π2
[
cosh
(
2π
β
x
)
− cos
(
2π
β
τ
)]}
. (24)
This has also been obtained by using methods of integration on the complex plane [10]. At
T = 0, GT (r) reduces to the 2D Coulomb potential and we retrieve the usual mapping onto
the Coulomb gas [2].
We may rewrite the above thermal Green function in terms of the new complex variable
ζ(r) ≡ ζ(z) = β
π
sinh
(
π
β
z
)
, (25)
where z = x+ iτ , as
GT (r) = lim
µ0→0
− 1
4π
ln
[
µ20ζ(r)ζ
∗(r)
]
. (26)
Notice that in the zero temperature limit (T → 0, β → ∞), we have ζ(z) → z and
ζ∗(z) → z∗ and, therefore, we recover the well-known Green function at zero temperature,
namely
lim
β→∞
GT (r;µ0) = − 1
4π
ln
[
µ20 zz
∗
]
= − 1
4π
ln
[
µ20||r||2
]
. (27)
We can now determine the soliton correlation function at T 6= 0, by using Equation (20)
along with the gas representation of the vacuum functional, Equation (22). Notice that, the
insertion of µ operators corresponds, in the CG language, to the introduction of “magnetic”
fluxes on the gas [7]. The soliton correlator, therefore, is nothing but the exponential of the
interaction energy of the associated classical system. Charges and “magnetic” fluxes inter-
act with their similar, through the thermal Green function GT (r), whereas the charge-flux
interaction occurs via the dual thermal Green function G˜T (r) (described in the Appendix)
[7]. This is the reason why it is crucial to know this function in order to obtain the soliton
correlator.
Following the above considerations and the same procedure employed at T = 0 [1], we
can write the two-point thermal soliton correlation function occurring in theories with a
Z(N) symmetry as
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〈µ(x)µ†(y)〉T
= Z−1
∞∑
m=0
(γρN0 )
m
m!
∑
{λi}m
∫ β
0
∫ ∞
−∞
m∏
i=1
dτi dzi exp
{
1
2
∫
d2z d2z′
×
[(
iN
m∑
i=1
λi δ
2(z− zi) + 4πρ
2
0
N
[∫
y
x
dηµ ǫ
αµδ2(z− η)
]
∂(z)α
)
×
(
iN
m∑
j=1
λj δ
2(z′ − zj) + 4πρ
2
0
N
[∫
y
x
dξν ǫ
βνδ2(z′ − ξ)
]
∂
(z′)
β
)
×
(
1
2ρ20
GT (z− z′)
)]}
.
(28)
After some algebra, we get
〈µ(x)µ†(y)〉T
= Z−1
∞∑
m=0
(γρN0 )
m
m!
∑
{λi}m
∫ β
0
∫ ∞
−∞
m∏
i=1
dτi dzi exp
{
−N
2
4ρ20
m∑
i=1
λi
m∑
j=1
λjGT (zi − zj)
+2πi
m∑
i=1
λi
∫
y
x
dξνǫ
βν∂
(ξ)
β GT (zi − ξ) +
4π2ρ20
N2
∫
y
x
dηµ
∫
y
x
dξν ǫ
αµ∂(η)α ǫ
βν∂
(ξ)
β
×GT (η − ξ)} .
(29)
Using the Cauchy-Riemann conditions, Equation (A3), we may rewrite the above expres-
sion as
〈µ(x)µ†(y)〉T
= Z−1
∞∑
m=0
(γρN0 )
m
m!
∑
{λi}m
∫ β
0
∫ ∞
−∞
m∏
i=1
dτi dzi exp
{
−N
2
4ρ20
m∑
i=1
λi
m∑
j=1
λjGT (zi − zj)
−2πi
m∑
i=1
λi
[
G˜T (zi − y)− G˜T (zi − x)
]
− 8π
2ρ20
N2
[GT (0)−GT (x− y)]
}
.
(30)
Finally, using the UV-regulated version of GT (r;µ0), namely
GT (r;µ0, ε) = − 1
4π
ln
{
µ20
[
ζ(r)ζ∗(r) + |ε|2]} , (31)
and the expression (A2) for the dual thermal Green function G˜T (r), we obtain
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〈µ(x)µ†(y)〉T
= lim
ε→0
lim
µ0→0
Z−1
[ |ε|2
ζ(x− y)ζ∗(x− y)
] 2piρ20
N2
∞∑
n=0
α2n
(n!)2
∫ β
0
∫ ∞
−∞
2n∏
i=1
dτi dzi
× exp
{
N2
16πρ20
2n∑
i 6=j=1
λiλj ln
{
µ20
[
ζ(zi − zj)ζ∗(zi − zj) + |ε|2
]}
+
1
2
2n∑
i=1
λi ln
[
ζ(zi − y)ζ∗(zi − x)
ζ∗(zi − y)ζ(zi − x)
]}
,
(32)
where the renormalized coupling α (Coleman’s renormalization) is given by α =
(γρN0 ) (µ
2
0|ε|2)N
2/(16piρ2
0
)
[15].
Notice also that, as in the T = 0 case, existence of the µ0 → 0 limit imposes the neutrality
of the gas, namely
∑m
i=1 λi = 0, because in this case the µ0-factors are completely canceled.
This implies that the index m appearing in Equation (22) must be even (m = 2n, with n
positive and n negative λi’s) and, therefore,
∑
{λi}m
= (2n)!/(n!)2.
Let us finally remark that in the T → 0 limit the above correlation function reduce to
the corresponding function of the zero temperature theory [1], as it should.
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APPENDIX
Here we present a closed-form representation for the dual thermal Green function G˜T (r),
which we have used for computing the soliton correlation function shown in Equation (30).
Indeed, we can see from Equation (26) that the thermal Green function may be written
as the real part of an analytic function of the complex variable ζ , namely
GT (r;µ0) = Re [F(ζ)] = 1
2
[F(ζ) + F∗(ζ)] , (A1)
where F(ζ) ≡ −(1/2π) ln [µ0ζ(r)].
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The imaginary part of F(ζ) may be written as
G˜T (r) ≡ Im [F(ζ)] = 1
2i
[F(ζ)−F∗(ζ)]
= − 1
4πi
ln
[
ζ(r)
ζ∗(r)
]
.
(A2)
Now, from the analyticity of F(ζ), it follows that its imaginary and real parts must satisfy
the Cauchy-Riemann conditions, which are given by
ǫµν∂νGT = −∂µG˜T , ǫµν∂νG˜T = ∂µGT . (A3)
This property characterizes G˜T as the dual thermal Green function.
[1] L. Mondaini and E. C. Marino, “Sine-Gordon/Coulomb Gas Soliton Correlation Functions
and an Exact Evaluation of the Kosterlitz-Thouless Critical Exponent,” Journal of Statistical
Physics, Vol. 118, No. 3-4, 2005, pp. 767-779.
[2] S. Samuel, “Grand Partition Function in Field Theory with Applications to Sine-Gordon Field
Theory,” Physical Review D, Vol. 18, No. 6, 1978, pp. 1916-1932.
[3] J. M. Kosterlitz, “The Critical Properties of the Two-Dimensional XY Model,” Journal of
Physics C: Solid State Physics, Vol. 7, No. 6, 1974, pp. 1046-1060.
[4] A. B. Zamolodchikov and Al. B. Zamolodchikov, “Factorized S-Matrices in Two Dimensions
as the Exact Solutions of Certain Relativistic Quantum Field Theory Models,” Annals of
Physics, Vol. 120, No. 2, 1979, pp. 253-291;
V. E. Korepin, “The Mass Spectrum and the S Matrix of the Massive Thirring Model in the
Repulsive Case,” Communications in Mathematical Physics, Vol. 76, No. 2, 1980, pp. 165-176.
[5] L. Mondaini and E. C. Marino, “Dual Bosonic Thermal Green Function and Fermion Corre-
lators of the Massive Thirring Model at Finite Temperature,” Modern Physics Letters A, Vol.
23, No. 10, 2008, pp. 761-767.
[6] L. Mondaini, E. C. Marino and A. A. Schmidt, “Vanishing Conductivity of Quantum Solitons
in Polyacetylene,” Journal of Physics A: Mathematical and Theoretical, Vol. 42, No. 5, 2009,
p. 055401.
[7] E. C. Marino and J. A. Swieca, “Order, Disorder and Generalized Statistics,” Nuclear Physics
B, Vol. 170, No. 1, 1980, pp. 175-186.
10
[8] E. C. Marino, B. Schroer and J. A. Swieca, “Euclidean Functional Integral Approach for
Disorder Variables and Kinks,” Nuclear Physics B, Vol. 200, No. 3, 1982, pp. 473-497.
[9] E. C. Marino, “Dual Quantization of Solitons,” In: D. Baeriswyl, A. R. Bishop and J. Carmelo,
Ed., Applications of Statistical and Field Theory Methods to Condensed Matter, Plenum
Press, New York, 1990, pp.121-140.
[10] L. Mondaini, “Obtaining a Closed-Form Representation for the Dual Bosonic Thermal Green
Function by Using Methods of Integration on the Complex Plane,” Revista Brasileira de
Ensino de F´ısica, Vol. 34, No. 3, 2012, p. 3305.
[11] S. Mandelstam, “Soliton Operators for the Quantized Sine-Gordon Equation,” Physical Review
D, Vol. 11, No. 10, 1975, pp. 3026-3030.
[12] A. Go´mez Nicola and D. A. Steer, “Thermal Bosonisation in the Sine-Gordon and Massive
Thirring Models,” Nuclear Physics B, Vol. 549, No. 1-2, 1999, pp. 409-449.
[13] A. Das, “Finite Temperature Field Theory,” World Scientific, Singapore, 1997.
[14] D. Dele´pine, R. Gonza´lez Felipe and J. Weyers, “Equivalence of the Sine-Gordon and Massive
Thirring Models at Finite Temperature,” Physics Letters B, Vol. 419, No. 1-4, 1998, pp.
296-302.
[15] S. Coleman, “Quantum Sine-Gordon Equation as the Massive Thirring Model,” Physical Re-
view D, Vol. 11, No. 8, 1975, pp. 2088-2097.
11
